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Ohara graduate school of accounting
1
$\frac{\partial}{\partial t}\eta(x, t)=\eta(x, t)\int_{-1/2}^{1’ 2}[\cot\{\pi(y-x-\gamma)\}$
$-2 \cot\{\pi(y-x)\}+\cot\{\pi(y-x+\gamma)\}]\eta(y, t)\frac{idy}{2}$ , (1)
, $\int^{\backslash }$ Cauchy , $\gamma$ ,
$\eta(x, t)$ $\eta(x+1, t)=\eta(x, t)$ (1) [5] Periodic ILW
equation with discrete Laplacian , ${\rm Im}\deltaarrow\infty$





$z=e^{2\pi ix}$ $\eta(x, t)$ Fourier
$\eta(z, t)=\sum_{n\in \mathbb{Z}}\eta_{-n}z^{n}$ (2)
(1)
$\frac{\partial}{\partial t}\eta(z, t)=\eta(z, t)\sum_{n\neq 0}sgn(n)(1-q^{|n|})\eta_{-n}z^{n}$ (3)
$z^{0}$
21.
$\frac{\partial\eta_{0}}{\partial t}=0$, $\eta_{0}$ $\circ$
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$(a_{3}^{-1}-a_{2}^{-1})\tau(l+a_{1},$ $m,$ $n)\tau(l,$ $m+a_{2},$ $n+a_{3})$
$+(a_{1}^{-1}-a_{3}^{-1})\tau(l,$ $m+a_{2},$ $n)\tau(l+a_{1},$ $m,$ $n+a_{3})$
$+(a_{2}^{-1}-a_{1}^{-1})\tau(l,$ $m,$ $n+a_{3})\tau(l+a_{1},$ $m+a_{2},$ $n)=0$ (7)
1 $0$ $a_{1}$ $0$
$D_{l}\tau(l, m, n+a_{3})\cdot\tau(l, m+a_{2}, n)$
$=(a_{2}^{-1}-a_{3}^{-1})\{\tau(l, m, n)\tau(l, m+a_{2}, n+a_{3})-\tau(l, m, n+a_{3})\tau(l, m+a_{2}, n)\}$ (8)
KP , [1] differential Fay
identity (5) , $e^{-clm_{\mathcal{T}}}$ $\tau$
, $m$ $n$ $a_{3}-a_{2}$
$e^{-clm_{\mathcal{T}}}$
$\tau$ $t=\alpha l$
$\alpha,$ $c$ $\epsilon=(a_{2}^{-1}-a_{3}^{-1})/\alpha,$ $\eta 0=(a_{2}^{-1}-a_{3}^{-1}-ca_{2})’\alpha$
differential Fay
$D_{t}\tau(l, m, n+a_{3})\cdot\tau(l, m+a_{2}, n)$
$=\epsilon\tau(l, m, n)\tau(l, m+a_{2}, n+a_{3})-\eta_{0}\tau(l, m, n+a_{3})\tau(l, m+a_{2}, n)$ (9)
$( \frac{\partial}{\partial m}-\frac{\partial}{\partial m})\tau=0$ (10)
(9) 1 $+$ 1
$D_{t}\tau(pz)\cdot\tau(z)=\epsilon\tau(pq^{-1}z)\tau(qz)-\eta_{0}\tau(pz)\tau(z)$ (11)
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[5] periodic ILW equation with discrete Laplacian
$\exp\{2\pi i(a_{3}-a_{2})\}=p,$ $\exp(2\pi ia_{3})=q$
${\rm Im} parrow\infty$ (5)
(5) , $\tau\pm$ $z$






, (1) $[$2, 4, 5$]$
22.
(1) $\eta$ ,
$\ovalbox{\tt\small REJECT}=\int\int\cdots\int_{S}(\prod_{j=1}^{n}\frac{dz_{j}}{2\pi iz_{j}})(\prod_{j<k}\frac{z_{j}-z_{k}}{z_{j}-qz_{k}})(\prod_{j=1}^{n}\eta(z_{j}))$ $n=1,2,$ $\cdots$ (14)
$Il=\eta 0$
(12) (14)
$I_{1}=\epsilon q+(1-q)a=(1-q)e_{1}(a, \epsilon q, \epsilon q^{2}, \cdots)$ ,
$I_{2}= \epsilon^{2}q^{2}+(1-q^{2})a\epsilon=\frac{(1-q)(1-q^{2})}{q}e_{2}(a, \epsilon q, \epsilon q^{2}, \cdots)$ ,
(15)
(13)
$I_{1}=\epsilon q^{2}+(1-q)a_{1}+(1-q)a_{2}=(1-q)e_{1}(a_{1}, a_{2}, \epsilon q^{2}, \epsilon q^{3}, \cdots)$ ,
$I_{2}= \frac{(1-q)(1-q^{2})}{q}a_{1}a_{2}+\epsilon q(1-q)a_{1}+\epsilon q(1-q)a_{2}+\epsilon^{2}q^{2}$
(16)
$= \frac{(1-q)(1-q^{2})}{q}e_{2}(a_{1},$ $a_{2},$ $\epsilon q^{2},$ $\epsilon q^{3},$ $\cdots)$ ,
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Macdonald [3]
$q^{-n(n-1)’ 2} \prod_{k=1}^{n}(1-q^{k})\cdot e_{n}(\epsilon t^{-\lambda_{1}}, \epsilon qt^{-\lambda_{2}},\epsilon q^{2}t^{-\lambda_{3}}, \cdots)$ (17)
(15)(16) $\lim\epsilon q^{i-1}t^{-\lambda_{i}}$ $a_{i}$ $tarrow 1$ ,
$\lambda_{i}arrow\infty$
2.3.
(1) (5) $a_{1},$ $a_{2},$ $\cdots,$ $a_{n}$
$\tau_{+}=1+\sum_{j=1}^{n}ze^{(1-q)a_{j}t}+\sum_{j<k}^{n}\frac{(a_{j}-a_{k})^{2}}{(a_{j}-qa_{k})(a_{j}-a_{k}/q)}z^{2}e^{(1-q)(a_{j}+a_{k})t}+\cdot\cdot\cdot$











$1+l_{1}f_{1}^{-1}$ $1+l_{2}f_{2}^{-1}$ .. . $1+l_{n}f_{n}^{-1}$
$qa_{1}+a_{1}l_{1}f_{1}^{-1}$ $qa_{2}+a_{2}l_{2}f_{2}^{-1}$ . . . $qa_{n}+a_{n}l_{n}f_{n}^{-1}$
: : . :.







$k_{j}= \prod_{1\leq m\leq n,m\neq j}\frac{a_{m}-a_{j}}{a_{m}-qa_{j}}$
(20)
$n$ $\epsilon,$ $q,$ $a_{j}$ $\tau\pm$ ( (6)
$\eta)$ , (14)





$\frac{\partial}{\partial t}\eta(z, t)=\eta(z, t)\sum_{n\neq 0}sgn(n)\eta_{-n}z^{n}$ (22)
$\eta\pm(z)$
$\frac{d}{dt}\eta+(z, t)=\eta+(z, t)(\eta+(z, t)+\eta_{0})$ , $\frac{d}{dt}\eta_{-}(z, t)=-\eta_{-}(z, t)(\eta_{-}(z, t)+\eta_{0})$ . (23)
2 ,
$\eta+(z, t)=\frac{-\eta_{0}c_{+}(z)e^{\eta 0t}}{d_{+}(z)+c_{+}(z)e^{\eta_{0}t}}$ , $\eta_{-}(z, t)=\frac{-\eta_{0}c_{-}(z)e^{-\eta 0t}}{d_{-}(z)+c_{-}(z)e^{-\eta_{0}t}}$ (24)
$c\pm,$ $d\pm$ $\eta+$ $|z|<1$ , $\eta-$ $|z|>1$
$q\neq 0$ $\tau\pm(z, t)=d_{\pm}(z)+c\pm(z)\exp(\pm\eta_{0}t)$
$\eta(z, t)=\epsilon\frac{1}{\tau_{-}(z,t)\tau_{+}(z,t)}$ , (25)
$D_{t}\tau_{-}(z, t)\cdot\tau_{+}(z, t)=\epsilon-\eta_{0}\tau_{-}(z, t)\tau_{+}(z, t)$ . (26)
$c\pm,$ $d\pm$
$d_{+}(z)d_{-}(z)-c_{+}(z)c_{-}(z)=\epsilon/\eta_{0}$ (27)
31. $n$ $\epsilon\pm 1,$ $\epsilon\pm 2,$ $\cdots$
$e_{m}(z, t)=\epsilon_{m}z^{m}\exp\{$ sgn $(m)\eta_{0}t\}$ (28)
(33) $z$ 1
$d+=1,$ $c_{+}=e_{1},$ $d_{-=}1,$ $c-=e_{-1}$ (29)
$z$ 2






$d_{+}$ $c_{+}$ $e$ $e$




$=(\begin{array}{ll}1 e_{n}(z,t)e_{-n}(z,t) l\end{array})(\begin{array}{ll}l e_{n-1}(z,t)e_{-n+1}(z,t) 1\end{array})\cdots(\begin{array}{ll}1 e_{1}(z,t)e_{-1}(z,t) 1\end{array})$ (32)
$d\pm,$ $c\pm$ (33) $\eta 0$ $\epsilon’\{\prod_{i=1}^{n}(1-\epsilon_{i}\epsilon_{-i})\}$
( 32 )
$d_{+}(z)d_{-}(z)-c_{\dagger}(z)c_{-}(z)= \prod_{i=1}^{n}(1-\epsilon_{i}\epsilon_{-i})$ . (33)
( 32 )












32 $d\pm(z),$ $c\pm(z)$ , $\tau\pm(z, t)=d\pm(z)+c\pm(z)e^{\pm\eta 0t}$ (26) $\prod_{i=1}^{\infty}(1-$
$\epsilon_{i}\epsilon_{-i})=\epsilon’\eta_{0}$ (25) $\eta$ (22) , (34)
$I_{n+1}=\eta_{0}^{n+1}(1-\epsilon_{1}\epsilon_{-1})^{n}(1-\epsilon_{2}\epsilon_{-2})^{n-1}\cdots(1-\epsilon_{n}\epsilon_{-n})$ , $n\geq 0$ (35)
( 33 )
$\tau\pm(z, t)$ $\epsilon\pm n$ $\tau\pm=\tau\pm(z, t;\epsilon\pm 1, \epsilon\pm 2\ldots, \epsilon\pm M)$
Toeplitz ,
$M>n$ $n$ , $\tau\pm(z, t;\epsilon\pm 1)$
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$\epsilon\pm 2=\epsilon\pm 3=\cdots=\epsilon\pm M=0$ ,
$\tau_{\pm}^{(k)}$
$\tau_{\pm}^{(k)}=\tau\pm(;\epsilon_{\pm 1,\pm 2}\epsilon\cdots, \epsilon\epsilon=0, \cdots, \epsilon=0)$ (36)
, $\eta(z, t),$ $d_{\pm}(z),$ $c\pm(z),$ $\tau\pm(z, t)$ $(k)$
, $I_{n}$ $t$ , $t=0$
$d_{\pm}(z),$ $c\pm(z),$ $\tau\pm(z, 0)$
$d_{\pm}(z)= \sum_{j=1}^{M}d_{\pm j}z^{\pm j}$ , $c \pm(z)=\sum_{j=1}^{M}c\pm j^{Z^{\pm j}}$ , $\tau\pm(z, 0)=\sum_{j=1}^{M}\tau\pm j^{Z^{\pm j}}$ (37)
$\eta_{n},$ $(n\neq 0)$ $\eta_{0}$ , $\nu_{n}$
$\eta\pm(z, 0)=\frac{-\eta_{0^{C}\pm}(z)}{d_{\pm}(z)+c\pm(z)}=:-\eta 0\sum_{n>0}\nu\pm n^{Z^{\pm n}}$ (38)
$-1$ $\nu_{-1}$ ... $\nu_{-n}$
$\nu_{1}$ $-1$ ... $\nu_{-n+1}$
: $=(-1)^{n+1} \prod_{l=1}(1-\epsilon_{l}\epsilon_{-l})^{n-l+1}$
. (39): : ..
$\nu_{n}$ $\nu_{n-1}$ ... $-1$
, (39)
3.4.














(38) $\nu\pm J,$ $(j=1,2,$ $\cdots)$
$(\tau.\pm 2\tau.\pm 11$
$\tau\pm 101$ $001$
$....\cdot)(\begin{array}{l}\nu\pm 1\nu\pm 2\nu\pm 3|\end{array})=(\begin{array}{l}c\pm 1C\pm 2c\pm 3|\end{array})$
( )
35 32 $0$ $\epsilon\pm 1,$ $\cdots,$ $\epsilon\pm k$
$2k$ 1. 2. $n\leq k$
$(\begin{array}{llll}1 0 .\cdot 0\tau_{1}^{(k+1)} 1 ..\cdot\cdot 0| | |\tau_{k}^{(k+1)} \tau_{k-1}^{(k+1)} .\cdot l\end{array})(\begin{array}{ll}\nu_{2}^{(k+1)}-\nu_{1}^{(k+1)}- \nu_{2}^{(k)}\nu_{1}^{(k)}| \nu_{k+1}^{(k+1)}- \nu_{k+1}^{(k)}\end{array})$
$=$ $(\begin{array}{l}c_{1}^{(k+1)}c_{2}^{(k+1)}\vdots c_{k+1}^{(k+1)}\end{array})$ – $(\begin{array}{llll}1\ddots 0 \cdots 0\tau_{1}^{(k+1)} 1\ddots \cdots 0\vdots \vdots \ddots \vdots\tau_{k}^{(k+1)} \tau_{k-1}^{(k+1)} \cdots l\end{array})$ $(\begin{array}{l}\nu_{1}^{(k)}\nu_{2}^{(k)}\vdots\nu_{k+1}^{(k)}\end{array})$ (41)
1 35 32 $\tau_{j}^{(k+1)}=\tau_{j}^{(k)}+\epsilon_{k+1}\tau_{j-k-1}^{(k)}$
2
$(\begin{array}{llll}1 0 \cdots 0\tau_{1}^{(k+1)} 1 \cdots 0| | \ddots |\tau_{k}^{(k+1)} \tau_{k-1}^{(k+1)} \cdots l\end{array})(\begin{array}{l}\nu_{1}^{(k)}\nu_{2}^{(k)}|\nu_{k+1}^{(k)}\end{array})$
$=$ $\{(\begin{array}{llll}1 0 \cdots 0\tau_{1}^{(k)} 1 \cdots 0\vdots \vdots \ddots \vdots\tau_{k}^{(k)} \tau_{k-1}^{(k)} \cdots 1\end{array})$ $+$ $(\begin{array}{llll}0\ddots 0 \cdots 0\epsilon_{k+1}\tau_{-k}^{(k)} 0\ddots \cdots 0\vdots \vdots \ddots \vdots\epsilon_{k+1}\tau_{-1}^{(k)} \epsilon_{k+1}\tau_{-2}^{(k)} \cdots 0\end{array})\}$ $(\begin{array}{l}\nu_{1}^{(k)}\nu_{2}^{(k)}\vdots\nu_{k+1}^{(k)}\end{array})$
$=$ $(\begin{array}{l}c_{1}^{(k)}c_{2}^{(k)}\vdots c_{k+1}^{(k)}\end{array})$ $+\epsilon_{k+1}$ $(\begin{array}{l}0d_{-k+1}^{(k)}\vdots d_{0}^{(k)}\end{array})$ $-\epsilon_{k+1}$ $(\begin{array}{llll} 0 0 \vdots (1- \epsilon_{1}\epsilon_{-1})\cdot\cdot .(1- \epsilon_{k}\epsilon_{-k})\end{array})$
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2 35 2. (41)
, 32 $c_{j}^{(k+1)}=c_{j}^{(k)}+\epsilon_{k+1}d_{j-k-1}^{(k)}$
r.h.s. of (41) $=(\begin{array}{llll} 0 0 | (1- \epsilon_{1}\epsilon_{-1})\cdot\cdot (1- \epsilon_{k}\epsilon_{-k})\end{array})$ (42)
$0$










$\tau_{-k-1}^{(k)}00:.)+(\begin{array}{llll}\epsilon_{-k-1}\tau_{+1}^{(k)}\epsilon_{-k-1}\tau_{0}^{(k)} 0 0\vdots \epsilon_{-k-1}\tau_{0}^{(k)} . 0\vdots | |\epsilon_{-k-1}\tau_{k}^{(k)} \epsilon_{-k-1}\tau_{k-1}^{(k)} \cdots \epsilon_{-k-1}\tau_{0}^{(k)}\end{array})\}$
. $\{(\begin{array}{l}\nu_{1}^{(k)}\nu_{2}^{(k)}|\nu_{k+1}^{(k)}\end{array})+(\begin{array}{llll} 0 0 | (1- \epsilon_{1}\epsilon_{-1})\cdot\cdot (1- \epsilon_{k}\epsilon_{-k})\epsilon_{k+1}\end{array})\}$
$0$




$=(\begin{array}{l}0d_{-k+1}^{(k)}|d_{0}^{(k)}\end{array})-(\begin{array}{llll} 0 0 | (1- \epsilon_{1}\epsilon_{-1})\cdot\cdot (1- \epsilon_{k}\epsilon_{-k})\end{array})$
$+\epsilon_{-k-1}(\begin{array}{l}c_{2}^{(k)}c^{(k)}1|c_{k+1}^{(k)}\end{array})+(\begin{array}{llll} 0 0 | (1- \epsilon_{1}\epsilon_{-1})\cdot\cdot (1- \epsilon_{k}\epsilon_{-k})\epsilon_{k+1}\epsilon_{-k-1}\end{array})$
$=(\begin{array}{l}d_{-k+1)}^{(+1)}d_{\frac{(k}{k}k)}^{+1)}|d_{0}^{(k+1)}\end{array})-(\begin{array}{llll} 0 0 | (1- \epsilon_{1}\epsilon_{-1})\cdot\cdot (1- \epsilon_{k+1}\epsilon_{-k-1})\end{array})$
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$(\begin{array}{llll}-1 \nu_{-1} \cdots \nu_{-n}\nu_{1} -1 .\nu_{-n+1}| | . |\nu_{n} \nu_{n-1} \cdots -1\end{array})(\begin{array}{l}1\tau_{1}^{(n)}|\tau_{n}^{(n)}\end{array})=(\begin{array}{llll}-(1- \epsilon_{1}\epsilon_{-1})\cdot\cdot (1- \epsilon_{n}\epsilon_{-n}) 0 | 0 \end{array})$
( 36 )


















$=(\begin{array}{llll}-(1- \epsilon_{1}\epsilon_{-1})\cdot\cdot (1- \epsilon_{k}\epsilon_{-k}) 0 | c_{k+1}^{(k)} \end{array})+\epsilon_{k+1}(\begin{array}{lll} c_{-k-1}^{(k)} 0 | -(1- \epsilon_{1}\epsilon_{-1})\cdots(1- \epsilon_{k}\epsilon_{-k})\end{array})$
$+(1-\epsilon_{1}\epsilon_{-1})\cdots(1-\epsilon k\epsilon_{-k})(\begin{array}{l}\epsilon_{-k-1}\epsilon+0|\epsilon_{k+1}\end{array})$
$c_{\pm(k+1)}^{(k)}=0$ ,




$I_{\text{ }+1}=|(\begin{array}{llll}-1 \nu_{-1} \cdots \nu_{-k}\nu_{1} -1 \cdots \nu_{-k+1}\vdots \vdots \ddots \vdots\nu_{k} \nu_{k-1} \cdots -1\end{array})(\begin{array}{lllll}1 0 \cdots \cdots 0\tau_{1}^{(k)} 1 0 \cdots 0\vdots \vdots \ddots \vdots\vdots \vdots \ddots \vdots\tau_{k}^{(k)} 0 \cdots \cdots 1\end{array})|$
$=|\begin{array}{llllll}\text{ }(1-\epsilon_{1}\epsilon_{-1})\cdot\cdot (1- \epsilon_{k}\epsilon_{-k}) \nu_{-1} \cdots \nu_{-k}0 -1 \cdots \nu_{-k+1}\vdots \vdots \ddots \vdots 0 \nu_{k-1} \cdots -1\end{array}|$
$=-(1-\epsilon_{1}\epsilon_{-1})\cdots(1-\epsilon_{k}\epsilon_{-k})I_{k}$ .
( 33 )
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